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If a > 0, then let

7 dx
Jia) = {(a+x)(1+azx‘2)
and
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Kla) = "([(1+ax)(a2+X2)
Evaluate
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I. Partial Fractions to simplify integrands.

First,

ja) = 1 __A + Bx+C
(a+x)(1+a*x") a+x 1+a’x

1=A(1+a& x)+(Bx+C)(a+x)
1=A+Aa’x*+Bax+Bx"+Ca+Cx

Setting the left side figures equal to the corresponding coefficients, we have:
0=Aa’+B 0=Ba+C 1=A+Ca

and so we see:
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and so we have

(a) = 1 __A Bx+C _ 1 _ a’(x—a)

J (a+x)(1+8 %)  a+x 1+  (a+x(l+a)  (1+a2)(1+a")
Now similarly,

k(a) = 1 _ A 4 Bx+C

(l1+ax)(a@+x") l+ax &’ +x
1=Aa’+Ax*+ Bx+ Bax*+C+ Cax

Setting the left side figures equal to the corresponding coefficients, we have:
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B=% C=A2 a’=A(a*+1)
a
2
p=—A C=A2 A=—2_
a a 1+a
\1+a° 1+a* 2
p=—""21 (=171 A=—2_
a a 1+a
—a 1 a’
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which gives us
k(a) = 1 __A Bx+C _ a ax—1
(1+ax)(a+x%) l+ax  a&*+x (1+ax)(1+a") (a*+x°)(1+a"
II. Anti differentiate
First,
2
fjayax = — L alx=a) g

(a+x)(1+a*) (1+a*x)(1+a"
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From literature we are given:

be+ = %ln|bx+c| Int(1)
[—% dx = Lnbxiicl Int(2)
bx*+c 2b
dx 1 b
= arctan — Int(3
be2+c Vbc (X C) (3)

and so, with Int(1), Int (2), and Int(3), we get:

4*l*ln|1x+a|— 624* 121n|ax+1| ax 1 arctan( X\ 2)
1+a* 1 1+a* |2a a’x1 1
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In|x+a|
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a_ In|a’ x*+1|
1+a* 24a

We can drop the absolute value signs because by definition, a and x are greater
than zero.
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2
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Now similarly,
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(1+ax)(1+a" @+ (1+a")



% X
1+a* © 1+ax 1+a* * (&+x)

2
a dx 1 ax—1
— 4*‘[ d
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a *f dx
1+a* 1+ax

1 X dx
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and so, with Int(1), Int (2), and Int(3), we get:
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We can drop the absolute value signs because by definition, a and x are greater
than zero.
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III. Evaluate Integrals
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IV. Simplify Quotient
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1 . . 1
V. Set 1+-— equal to the above quotient, substitute 1+; for 'a’', and

kn
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VI. Evaluate kas a—1 from the right, oras n—x
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From literature we are given
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and can so construct
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Now we note
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VII. Evaluate kas a—1 from theleft, oras n—--«
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We now note that the above limits evaluate similarly whether from the left or the
right.

VIII. Evaluate L

Since

lim  k=—"1
1 n— +owo 8_3_"_
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and so finally,




